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1. INTRODUCTION 
Let k and h be integers such that k 2 1. Then 
defined by 
the Dedekind sum is 
Here the symbol ((x)) means that 
“““=1~++$ if XEE, if xE[W-Z. 
The Dedekind sums satisfy the reciprocity formula 
(1.1) s(h, k) + s(k, h) = 
k*+h*+ I-3kh 
12kh 
Let p, q, and r be pairwise coprime positive integers. Let p’, q’, and r’ be 
integers such that pp’ = 1 (mod qr), qq’ = 1 (mod rp), and rr’ = 1 (modpq). 
H. Rademacher generalized the reciprocity formula as [S] 
(1.2) s(qr’,p)+s(rp’,q)+s(pq’,r)=- -+$+w -;. 
lt2(: q ‘) 
One more three-term relation concerns the number N of lattice points 
in a tetrahedron; O<x<p, O< y<q, O<z<r, O<x/p+ y/q+z/r<l. 
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L. J. Mordell has shown the formula of N+ {s(qr, p) + s(rp, q) + s(pq, r)} 
[2], and Rademacher proved 
(1.3) s(pq, r) - E 
1 Pqr 1 
s -4-Z+ 12pqr 
(mod 2 1, 
so that 
NE(P+ l)(q+ l)(r+ 1) 
4 
(mod 2) [4]. 
The main results of this paper are the following theorem. 
(1.4) THEOREM. Let p, q, and r be positive integers satisfying (p, qr) = 1. 
Let r’ be an integer such that rr’s 1 (mod p). Then we have 
(1.4.1) p . s(qr, PI = p . dqr’, p) (mod 2). 
If neither 2 nor 3 divide (q, r), then we have 
(1.4.2) qr .s(qr, p) s qr . s(qr’, p) + 
(q2-l)(r2-1) 
12P 
We shall prove this theorem in Section 2. Combining 
can prove (1.3). This is also shown in Section 2. 
(1.4) with (1.2), we 
In our discussion, it is convenient to use a function A[I] on the cyclic 
group of order k defined in [6]. We recall that 
(mod&J 
where A is a generator of the linear characters of the cyclic group. 
T. Yoshida has shown that 
(1.5) (ACAl, A[llh] > = s(h, k) 
for an integer h. Here (, ) is a usual scalar product on the space of 
complex valued functions on the cyclic group. 
To prove (1.4), we introduce the sum 
A[nY] -i.A[A], A[A’] --:.A[21 
> 
, 
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for positive integers p, q, and r. Here 1 is a generator of the linear charac- 
ters of the cyclic group of order p. If p, q, and r are pairwise coprime, then 
we have a three-term relation for o(q, r; p) such as 
(1.6) a(q, 6 P) + 6.3 p; 4) + O(P, 4; r) = - 
(P- 1)(4-l)@- 1) 
4w * 
If (p, qr) = 1, then (1.5) implies that 
(1.7) o(q, r; p)=s(qr’, p)+$.s(l, p)--i*4r, P)--$.4% PIa 
Therefore (1.1) and (1.2) deduce (1.6). In Section 3 we shall directly prove 
(1.6) foIlowing the methods of U. Dieter El]. 
2. PROOF OF THEOREM 
In this section, we assume that integers satisfy the conditions of (1.4.1), 
and that (q, r) is not divisible by 2. Our results are based on the next 
proposition. 
(2.1) PROPOSITION. 
2 
4’. ah, r; P) E (2, qr) 2. 
Proaf Since (p, q) = 1, we get d [A] = x;:; ((qj/p)) 14j. Hence we 
have 
Therefore 
dq, r; PI = 
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Now qr . a(q, r; p) is equal to 
By our assumption, this number is always an integer. Suppose that qr is 
odd. If [qi/p] . [rjlp] is odd for some i and j, where 1~ i, j dp - 1, then we 
have Cq(p - WPI . MP - AhI is odd. Therefore the proposition holds 
when p is odd. When p is even, we may prove that 
is even. But it is clear, because both q and r are odd integers. 1 
From (1.7) and (2.1), we have 
(2.2) qr.s(qr’, p)+(p-1)(p-2) 
12P 
~q.s(q, P)+r.s(r, P) 
(mod&). 
Before the proof of (1.4.1), we show the following lemma. 
(2.3) LEMMA. p. (s(qr, p) - s(qr’, p)} E Z. 
Proof We have 
EP(P- l)(q- l)(r- 1) 
2 (mod 11, 
since 
dqr’, PI = 1 
:I (em). 
Now the result is deduced from (p, qr) = 1, and the lemma was proved. 1 
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Now we prove (1.4.1). We may prove in the case where qr is odd. 
Furthermore we may assume that r’ is an odd integer. If qr and r’ are odd, 
then (2.2) implies that 
r(q.dqr’, ~)-4r, p)> =r’{q.s(qr, P)-s(r, PI} 
Here we have 
(mod 2). 
pr’. {q.s(qr, P)-s(r, PI> -pr. (q.dqr, PI-s(r, PI> (mod 21, 
because 3 divides either q* - 1 or (p - 1)(2p - 1). Hence we get 
pqr . s(qr’, p) E pqr . s(qr, p) (mod 2). Now we conclude (1.4.1), since qr is 
odd. 
For the proof of (1.4.2), the following result is essential. 
(2.4) PROPOSITION. We have 
3qr . s(p, p-1 + 
3(q- *)(r- 1) 
4 
6 
-3q.s(p, q)+ 3res(p, r) 
mod (2, qr) .E(q, r-1 ’ >
where 
Qq, r) = 
1 if 3 does not divide either q or r, 
3 if 3 divides both q and r. 
Proof: It is sufficient to prove in the case where p is odd. From (1.4.1) 
and (2.2), we have 
= p4 .s(q, p) + pr .s(r, p) (mod&J. 
Applying (1.1) to this formula, we get 
p.zE(42- *)(r*- 1) 
12 (mod&J 
where Z=qr.~(p,qr)+(q-l)(r-1)/4-q.s(p,q)-r.s(p,r). This for- 
mula show that 
6 
3p’zE (2, qr) c(q, r) ” 
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If p is not divisible by 3, then we have ~ZE (6/(2, qr) c(q, r)) Z, since 
32~ Z. If 3 divides p, then we have p . Z E (2/(2, qr)) Z. In this case we have 
Z E B. Hence we get 2 E (2/(2, qr)) Z, since p is odd. This completes the 
proof. 1 
Remark. If qr is odd, then (2.3) is written as 
W ~s(P, qr) + 
WI- lk- 1) 
4 
= 3q . s( p, q) + 3r . s(p, r) {mod 2). 
(k Because 12k. s(h, k) EE k - 1 + 4. C,=; ‘)‘* [2hj/k] (mod 8 ), where k is odd, 
the above formula shows that 
This deduces the generalization of Gauss’ lemma to the Jacobi symbol. For 
this, see [3]. 
Let us prove (1.4.2). By the assumption of (1.4.2), we have E(q, r) = 1. 
Then, from (1.1) and (2.4), we have 
4r.s(qr, p)+(p-1)(p-2) 
12P 
-q*.dq, PI-i-r-s(r, P)+ 
(q2- l)(+- 1) 
12p (mods). 
Comparing this with (2.2), we obtain (1.4.2). 
Finally, we prove (1.3). If p, q, and r are pairwise coprime, then (1.2) and 
(1.4) imply that 
1’ pqr k s(qr, p) 5 C’ pqr . s(qr’, p) + (q2 - ‘))F* - ’ ) 
= p* + q2r2 - 3pqr + 1 - 
12 (mod~)~ 
where C’ denotes the sum referring to p, q, and r. Because either q* - 1 or 
r2 - 1 is divisible by 3, we get 
p2 __ p*(q* + r* - q*r*) 
iii= 12 (mod&). 
lo4 
Therefore we have 
C’ w . dqr, P 1 
=; p2q2 + q2r2 + r2p2 + 1 - 3pqr - p2q2r2 - 
12 (mod @qr), 
since p, q, and r are pairwise coprime, and this implies (1.3). 
3. A THREE-TERM RELATION FOR o(q,r;p) 
In this section we prove (1.6). From (1.7), we have 
Therefore 
(3.1) C’ NP; 4, VI = C’ 
i 
Ct- lt(r’- l)(p- 1)(@-- 1) 
6pqr 
-fp-l)(q-l)(r-1) P--l qj ’ 
4qr 
i-z F.; 
j=l il I[1 
-~(~~~~.[~]+:Z:f.~])}* 
Here we can see 
(3.2) Et:;: [f-+].[y]=(p- l)(q- l)(r- l), 
which is shown in [ 11. Furthermore, we get 
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Hence (1.1) implies that 
(3.3) 
=(r-l)(P-1)(8v--r-P+l) 
12rp 
From (3.1), (3.2), and (3.3), we obtain (1.6). 
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